Published by Institute of Physics Publishing for SISSA/ISAS Received: June 17, 2004 Revised: July 6, 2004 Accepted: July 13, 2004

Caustic formation in tachyon effective field theories

Neil Barnaby

McGill University, 3600 University St. Montréal Québec H3A 2T8, Canada E-mail: barnaby@physics.mcgill.ca

Abstract: Certain configurations of D-branes, for example wrong dimensional branes or the brane-antibrane system, are unstable to decay. This instability is described by the appearance of a tachyonic mode in the spectrum of open strings ending on the brane(s). The decay of these unstable systems is described by the rolling of the tachyon field from the unstable maximum to the minimum of its potential. We analytically study the dynamics of the inhomogeneous tachyon field as it rolls towards the true vacuum of the theory in the context of several different tachyon effective actions. We find that the vacuum dynamics of these theories is remarkably similar and in particular we show that in all cases the tachyon field forms caustics where second and higher derivatives of the field blow up. The formation of caustics signals a pathology in the evolution since each of the effective actions considered is not reliable in the vicinity of a caustic. We speculate that the formation of caustics is an artifact of truncating the tachyon action, which should contain all orders of derivatives acting on the field, to a finite number of derivatives. Finally, we consider inhomogeneous solutions in p-adic string theory, a toy model of the bosonic tachyon which contains derivatives of all orders acting on the field. For a large class of initial conditions we conclusively show that the evolution is well behaved in this case. It is unclear if these caustics are a genuine prediction of string theory or not.

Keywords: D-branes, Tachyon Condensation, String Field Theory.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep072004025 /jhep072004025 .pdf

Contents

1. Introduction 1

2. First derivative tachyon effective actions and the eikonal equation 3 2.1 The tachyon Dirac-Born-Infeld action 3 2.2 The boundary string field theory action 4 2.3 The Lambert and Sachs action 6

3. Caustic formation 8

4. Vacuum dynamics in a higher derivative action 8

5. Inhomogeneous solutions in p-adic string theory 10

6. Conclusions 16

A. The Legendre transformation 17

1. Introduction

Recently effective actions describing the open string tachyon have recieved considerable attention in the literature. These effective actions are interesting to study since they permit a relatively simple formulation of the complicated open string dynamics in terms of classical field theories. In particular, the use of effective actions has triggered significant interest in the possible role of the tachyon in cosmology. For example, there have been numerous attempts to make use of the tachyon as either the inflaton or as quintessence [1] (see [2] for reviews of tachyon cosmology). Constraints and shortcomings of these scenarios have been discussed in [3].

Perhaps the most promising application of the tachyon to cosmology comes from Dbrane inflation [4]. In the context of D-brane inflation, the annihilation of a brane-antibrane pair at the endpoint of inflation is described by the rolling of the tachyon, T , from the unstable maximum T = 0 to the degenerate vacua of the theory T = ±∞. The tachyon field may roll to the same vacuum everywhere in the space or topological defects may form through the Kibble mechanism [5]. The latter possibility corresponds to the formation of lower dimensional branes at points where T = 0. In the regions between the descendant branes the tachyon field asymptotically rolls towards the true vacuum of the theory. The formation of lower dimensional branes is of some phenomenological importance since the resulting cosmic-string-like or higher dimensional defects could be observable remnants of inflation [5]. In [6, 7] a more radical idea was explored: it was proposed that our own

– 1 – observable universe could be such a defect in the higher dimensional spacetime predicted by string theory. In this scenario the coupling of the time dependent tachyon condensate to gauge particles which will be localized on the descendant brane can provide an efficient mechanism for reheating at the end of brane-antibrane inflation.

Applications of the tachyon to cosmology generically involve the tachyon field rolling from the unstable maximum of its potential to the true vacuum of the theory, at least in some region of the space, so it is of some interest to study the dynamics in this regime. Often only homogeneous tachyon profiles are considered, though a consistent study of the tachyon field in cosmology must include spatial inhomogeneities. In the context of the formation of lower dimensional branes at the endpoint of D-brane inflation spatial inhomogeneity is unavoidable since the field must cross T = 0 at one or more points in the space. However, even in the absence of topological defects one expects that spatial inhomogeneities will be generated starting from a homogeneous profile by vacuum fluctuations of the tachyon field.

The full tachyon action contains an infinite number of derivatives acting on the field, though the action is not known explicitly to all orders in derivatives. Rather, numerous effective actions describing the tachyon have been proposed in the literature on different grounds and have been shown to reproduce various nontrivial aspects of the full dynamics expected from string theory. Most studies of the tachyon dynamics in terms of effective actions have considered actions involving only first derivatives of the field and it is not clear how higher derivative corrections may alter the dynamics. Indeed, studies of p-adic string theory suggest that there may be fundamental differences between dynamical equations with an infinite number of derivatives and those with a large finite number of derivatives. In [8] it was shown that the initial value problem is qualitatively different in these two cases.

In this paper we study analytically the dynamics of the inhomogeneous tachyon field as it rolls towards the vacuum in the context of several different effective field theories. Our interest is motivated by [9] in which inhomogeneous vacuum solutions were discussed using the popular tachyon Dirac-Born-Infeld (DBI) action. The authors of [9] found that in general the inhomogeneous solutions of the DBI action formed caustics where the second and higher derivatives of the tachyon field blow up at some point. In the vicinity of these caustics the tachyon DBI action is not reliable since the higher derivative corrections which have been ignored will become important. It is thus not known if the formation of caustics is a genuine prediction of string theory or an artifact of the DBI action for the tachyon. To shed some light on this question it is interesting to study inhomogeneous vacuum solutions of different tachyon effective actions and look for caustics or similar singularities.

The finite time formation of caustics found in [9] must be distinguished from the finite time divergences in the first derivatives of the tachyon field at points where T = 0 [7, 10] which corresponds to the formation of topological defects. In both cases the divergences in the derivatives of the tachyon field lead to divergences in the energy density. In the case of topological defect formation, however, this finite time divergence in the energy density has the form of a delta function and hence leads to finite total energy [7]. We point out that similar behaviour was found in [11] where the decaying tachyon on the supergravity background corresponding to space-like branes in string theory was studied.

– 2 –

In this case the first derivative of the tachyon field and the energy density of the tachyon matter both divergence in finite time producing a space-like curvature singularity in the metric.

The organization of this paper is as follows. In section 2 we consider three tachyon effective actions, all of which contain only first derivatives of the field and show that all three display surprisingly similar dynamics near the true vacuum of the theory. In section 3 we briefly review how this universal vacuum structure leads to the formation of caustics. In section 4 we consider the vacuum dynamics of the tachyon in the context of yet another effective action which contains terms with second derivatives of the field and show that the problem of caustic formation is not ameliorated. In section 5 we briefly review the bosonic tachyon action of p-adic string theory and study small spatial inhomogeneities about a time dependent solution which rolls towards the minimum of the potential (which is unbounded from below). We find that for a large class of initial data our perturbative expansion is reliable throughout the evolution and the solutions are well behaved. Finally we conclude and discuss the difficulty of interpreting caustic formation physically.

2. First derivative tachyon effective actions and the eikonal equation

For simplicity we restrict ourselves to studying real tachyon fields in 1 + 1-dimensional Minkowski space with metric η_{μν} dx^μdx^ν = −dt^2 +dx^2. In the context of brane annihilation the rolling of the tachyon in 1 + 1 dimensions from the unstable maximum to the ground state describes the decay of an unstable Dp-brane to either the vacuum (in the case that the tachyon rolls to the same vacuum everywhere) or to a brane of codimension one (in the case that kinks form). We work in units where α^′ = 2.

2.1 The tachyon Dirac-Born-Infeld action

We first consider the tachyon Dirac-Born-Infeld action [12, 13, 14] L = −U(T ) √ 1 + ∂_μT ∂^μT (2.1)

with potential U(T ) = τ_p cosh(T/2)

(2.2)

where τ_p is the Dp-brane tension. Solutions of this theory have been widely studied in the literature [6, 7, 9, 14, 15, 16]. This action can be obtained from string theory in some limit [17] and has been shown to reproduce numerous nontrivial aspects of the full string theory dynamics [14, 18].

The action (2.1) should be thought of as describing tachyon profiles which are “close”^1 to the homogeneous rolling tachyon solution

T (t) = 2 sinh^{−1} ( T_+e^{t/2} + T_−e^{−t/2} ) . (2.3)

1That is to say taking T+, T− to be slowly varying functions of x^μ.

– 3 –

We are interested in the dynamics of (2.1) close to the vacuum T → ±∞, U(T ) → 0. The vacuum structure of this theory has been studied analytically in [13, 16] which we briefly review. The vacuum structure is most easily described in the hamiltonian formalism since the lagrangian does not survive the limit U(T ) → 0, but the hamiltonian does. Defining the momentum conjugate to T as Π = ∂L/∂Ṫ^2 the hamiltonian is given by H = ∫ d^2x H , H = √ Π^2 + U(T )^2 √ 1 + T^{′2} .

In the limit as U(T ) → 0 one finds

H = Π √ 1 + T^{′2} . (2.4)

In the vacuum Hamilton’s equations of motion are

Ṫ = √ 1 + T^{′2} (2.5) and Π̇ = ∂_x ( Π T^′ 1 + T^{′2} ) (2.6)

for Π > 0. Equation (2.5) is precisely the eikonal equation

∂_μT ∂^μT + 1 = 0 . (2.7)

It was observed numerically in [9] that the general solutions of (2.1) tend towards the first order equation (2.7).

2.2 The boundary string field theory action

The action L = −V (T )F (∂_μT ∂^μT ) (2.8)

where the potential is V (T ) = √ 2τ_p exp ( − T^2 4 ) (2.9)

and the kinetic term is F (z) =

4^zzΓ(z)^2 2Γ(2z)

(2.10)

can be derived from boundary string field theory (BSFT) assuming a linear profile T = a + u_μx^μ, and summed to all orders in u_μ [19]. This action should therefore be considered reliable only when describing profiles where second and higher derivatives of the tachyon field are small.

The dynamics of the action (2.8) have been discussed in [20] which we briefly review. Before attempting to describe the vacuum dynamics of the theory (2.8) we discuss some limiting behaviour of the function F (z).

2Here and throughout this paper Ṫ = ∂0T = ∂tT and T^′ = ∂1T = ∂xT .

– 4 –

At small z the function F (z) has a Taylor expansion

F (z) ∼= 1 + ln(4)z + · · ·

and at large positive z the function F (z) has the behaviour F (z) → √ πz as z → ∞ . (2.11)

It is also noteworthy that F (z) is singular at z = −n (n = 1, 2, · · ·). Of particular interest to the ensuing analysis will be the limiting behaviour of F (z) near the singular point z = −1 F (z) ∼= −1 2(z + 1) , F^′(z) ∼= 1 2(z + 1)^2 , F^{′′}(z) ∼= −1 (z + 1)^3

. (2.12)

We now proceed to study the dynamics of the action (2.8). The equation of motion which follows from (2.8) is ∂^μT ∂_μz F^{′′}(z) + ∂^μ∂_μT F^′(z) − 1 2 T zF^′(z) + 1 4 T F (z) = 0 (2.13)

where z = ∂_μT ∂^μT . We will assume initial conditions such that z ≈ 0 initially. Furthermore, we assume that z does not cross the singularity at z = −1.^3

The homogeneous solutions of (2.13) have the asymptotic behaviour T → ±t at late times [21] so we expect that the tachyon will roll towards the vacuum T → ±∞ as t → ∞. We consider first the case where z does not approach −1 as T → ∞. In this case F (z), F^′(z) and F^{′′}(z) are well-behaved and the leading contribution to (2.13) is

F (z) − 2zF^′(z) = 0 .

It is easy to show that the quantity F (z) − 2zF^′(z) is greater than or equal to 0 for all z > −1 and that F (z) − 2zF^′(z) → 0 as z → +∞ (see equation (2.11)). We conclude then that for solutions where z is increasing the equation of motion requires z → +∞ as T → ±∞. We now consider the possibility that z → −1 at late times. Near z = −1 the function F (z) and its derivatives are given by (2.12) and hence the leading contribution to (2.13) is ∂_μT ∂^μz F^{′′}(z) − 1 2 T zF^′(z) = 0 . (2.14)

This equation can be satisfied for profiles where z → −1. Since z + 1 → 0 as T → ±∞ it is reasonable to assume that we can write z + 1 = f(T ). This is consistent with (2.14) which implies z + 1 ∼ V (T )^{1/2} .

It is important to stress that, barring any asumptions on the form of the solution, the equation of motion (2.13) requires that ∂_μT ∂^μT tends to either +∞ or −1 as T → ±∞. The former case describes tachyon kinks of the form T (x) = x/ϵ to be understood in the

3This is not a particularly restrictive assumption since if z did cross the singularity it would lead to infinite action. Note that this does not exclude the possibility that z → −1 as V (T ) → 0.

– 5 – limit that ϵ → 0. The latter case describes the rolling tachyon and corresponds to the vacuum structure we are interested in. We conclude then that close to the vacuum the tachyon field obeys the eikonal equation

∂_μT ∂^μT + 1 = 0 .

2.3 The Lambert and Sachs action

The action L = −V (T )K(∂_μT ∂^μT ) (2.15)

where the potential is given by (2.9) and the kinetic term is

K(z) = e^{−z} + √ πz erf (√ z ) (2.16)

was proposed in [22]. This action is derived by requiring that the profile

T (x) = χ sin ( x − x_0 2 )

be an exact solution to the equations of motion. The residual freedom is fixed by demanding that L = √ 2τ_p exp(−T^2/4) for constant profiles for agreement with (2.8).

Before proceeding to study the dynamics of (2.15) we consider the asymptotic behaviour of the kinetic term (2.16). For z ≥ 0 the function K(z) is remarkably similar to the BSFT function F (z) given by (2.10). Near z = 0 the function K(z) has a Taylor expansion K(z) ∼= 1 + z + · · · . For large positive values of z the function K(z) has the aymptotic behaviour K(z) → √ πz , K^′(z) → 1 2 √ π z , K^{′′}(z) → − √ π 4z^{3/2}

(2.17)

so that K(z) tends to infinity slowly as z → +∞ while K^′(z), K^{′′}(z) tend to zero. Finally we consider the behaviour of K(z) for large negative z. Using the formula √ π erf(iy) → ie^{y2} ( 1 y + 1 2y^3

+ O(y^{−5}) )

for y → ∞ it is easy to show that K(z) → − e^{|z|} 2|z| , K^′(z) → + e^{|z|} 2|z| , K^{′′}(z) → − e^{|z|} 2|z| (2.18)

for large negative z. Note that though K(z) has very similar behaviour to F (z) and √ 1 + z for large positive z, these three kinetic terms have very different behaviour on z < 0.

– 6 –

The equation of motion which follows from (2.15) is ∂^μT ∂_μz K^{′′}(z) + ∂^μ∂_μT K^′(z) − 1 2 T zK^′(z) + 1 4 T K(z) = 0 (2.19)

where z = ∂_μT ∂^μT . By construction equation (2.19) has the homogeneous solution

T (t) = T_+e^{t/2} + T_−e^{−t/2} .

Comparing this to the homogeneous solution (2.3) demonstrates that a field redefinition is necessary to make accurate comparisons between the two theories. Notice that in the case of the homogeneous solution the tachyon field rolls towards the vacuum T → ±∞ at late times with z → −∞.

We proceed now to study the vacuum structure of the theory (2.15). First we consider the possibility that z tends to some finite positive value as T → ±∞. In this case the leading contribution to (2.19) is T zK^′(z) = 1 2 T K(z) (2.20) or 0 = e^{−z} .

This suggests that we require z → +∞ if z > 0 and indeed, using the limiting behaviour (2.17) the leading contribution to (2.19) for T → ±∞ with z → +∞ is satisfied.

We consider now possibility that z approaches some finite negative value as T → ±∞. Assuming z ≠ −∞ then K(z), K^′(z) and K^{′′}(z) are all well behaved and the leading contribution to (2.19) is still (2.20) or equivalently 0 = e^{|z|} which has no solution.

Finally we consider the possibility that z → −∞ as T → ±∞. In this case the limiting behaviour (2.18) is applicable and K(z) ∼ −K^′(z) ∼ K^{′′}(z) so that the leading contribution to (2.19) is 2∂_μT ∂^μz + T z = 0 . (2.21)

Since z → −∞ as T → ±∞ it is reasonable to assume z = f(T ) in this regime. This assumption is consistent with (2.21) and we find f(T ) = −T^2 up to an arbitrary additive constant which is irrelevant as T^2 → ∞. One may verify that given these assumptions the leading behaviour (2.21) is order T^3 while the terms we have disregarded in (2.19) are order T so that this series of approximations is self-consistent. We conclude that for z < 0 the equation of motion requires that the tachyon field obeys

∂_μT ∂^μT + T^2 = 0 .

Defining T = exp(T̃ ) we find that T̃ obeys the eikonal equation

∂_μT̃ ∂^μT̃ + 1 = 0 .

We stress that the equation of motion (2.19) requires either z → +∞ or z → −∞ as T → ±∞. The former case describes tachyon kink solutions while the latter case describes the rolling tachyon and corresponds to the vacuum structure we are interested in.

– 7 –

3. Caustic formation

We have found that all three actions (2.1), (2.8), (2.15) predict that the tachyon field is described by the eikonal equation (2.7) close to the vacuum. Inhomogeneous solutions of (2.7) were found in [9] for arbitrary Cauchy data by the method of characteristics. The solution is given along a set of characteristic curves which, in 1 + 1 dimensions, are defined by x(q, t) = q − T^′_i (q) √ 1 + T^′_i (q)^2 t (3.1)

where the parameter q defines the initial position of the curve on the x axis such that x(q, t = 0) = q and T_i(x) is the Cauchy data at time t = 0. The parameter q should be thought of as labelling the curves. The value of the tachyon field along a given characteristic curve is T (q, t) = T_i(q) + t √ 1 + T^′_i (q)^2

. (3.2)

It is also worth noting that the derivatives of the field are constant along the curves T^′(q, t) = T^′_i (q) and Ṫ (q, t) = √ 1 + T^′_i (q)^2. From (3.1) it is clear that in general for initial data where T^{′′}_i ≠ 0 there will be curves originating from different initial points on the x axis which will cross in some finite time. At points where the characteristic curves intersect the field becomes multi-valued since evolving (3.2) along two different curves leads to two different values of T at the point of intersection. This corresponds to the formation of caustics and signals a pathology in the evolution. To illustrate the problem, consider T^{′′} along a characteristic curve T^{′′}(q, t) = T^{′′}_i (q) 1 −^{T ′′i (q)} (1+T^′_i (q)^2 )^{3/2} t .

At some time t_c and point q_c where T^{′′}_i (q_c) > 0 the denominator vanishes and the second derivative blows up. For a given q_c the caustics form at time

t_c =

(1 + T^′_i (q_c)^2)^{3/2} T^{′′}_i (q_c) . In each of the three effective actions considered above (2.1), (2.8), (2.15) this caustic formation signals a breakdown of the theory since terms in the action involving second and higher derivatives of the field which have been neglected will become important.

4. Vacuum dynamics in a higher derivative action

In light of the analysis of the preceeding section it is tempting to speculate that the caustic formation described above is an artifact of the derivative truncation which leads to (2.1), (2.8), (2.15) since these effective descriptions break down in the vicinity of a caustic. We would like to reconsider the effective description of the tachyon near the vacuum in the context of an action which does contain terms with second derivatives of the field. One might consider attempting to generalize the action (2.8) to a profile of the form

– 8 –

T = a + u_μx^μ + v_{μν} x^μx^ν to obtain an action which is valid for profiles where ∂_μT ≠ 0 and ∂_μ∂_ν T ≠ 0 without constraint on the size of the first and second derivatives. However, deriving such an action (following [19]) would involve performing a path integral which is no longer gaussian. On the other hand, the superstring tachyon effective action has been calculated in an expansion in small momenta (derivatives) around a constant profile up to six orders in derivatives (O(∂^6)) in [23]. The action, in units where α^′ = 2 and truncated to fourth order in derivatives, is L = −V (T ) ( 1 + ln(4)∂_μT ∂^μT + ( 1 2 (ln(4))^4 − ζ(2) ) (∂_μT ∂^μT )^2 + ζ(2)T ∂_μ∂_ν T ∂^μT ∂^ν T + + [ (2ζ(2) − 8(ln(2))^2) + ζ(2) 2 T^2 ] ∂_μ∂_ν T ∂^μ∂^ν T ) (4.1)

where ζ(z) is the Riemann zeta function. The action (4.1) is valid to all orders in T but for small derivatives and hence naively does not seem applicable to studying the vacuum dynamics where, the analysis of the preceeding sections would suggest, ∂_μT ∂^μT is order unity or larger. However, one might expect the vacuum structure of the theory to be significantly modified due to the presence of terms like T^2∂_μ∂_ν T ∂^μ∂^ν T in the action (4.1) which are vanishing on linear profiles but are large in the vacuum for nonlinear profiles. One might hope that the vacuum structure of the theory (4.1) is such that when one considers Cauchy data where the derivatives of T are small but nonzero, then the derivatives stay small throughout the evolution and the approximations which lead to (4.1) remain self consistent. This turns out not to be the case, as we will show.

The equation of motion which follows from (4.1) is cumbersome and we do not write it out here. In the vacuum, as T → ±∞, assuming that the derivatives of the field are well behaved^4 the leading contribution to the equation of motion is

∂^μ∂^ν T ∂_μT ∂_ν T = 0 (4.2)

where the subleading terms are of order T^{−1} and smaller.

We note that (4.2) may be re-written as

∂_μT ∂^μ (∂_ν T ∂^ν T ) = 0

so that the solution set of (4.2) contains the solutions of the first order equation ∂_ν T ∂^ν T = κ where κ is a constant which may be set to +1, −1 or 0 by rescaling T . The case κ = −1 corresponds to the eikonal equation and we conclude that (4.2) does admit solutions with caustic formation in the case of Cauchy data such that Ṫ_i(x)^2 = 1 + T^′_i (x)^2. However, equation (4.2) is second order and of course it is not necessary to constrain the Cauchy data in this manner. For completeness we discuss the construction of more general solutions of (4.2) in the appendix.

4If we drop this assumption then (4.1) ceases to be a reasonable description of the dynamics.

– 9 –

It is beyond the scope of this paper to perform a comprehensive analysis of the derivative singularities admitted by (4.2). We have shown an explicit reduction of (4.2) to the eikonal equation, which exhibits caustics. As discussed in the appendix, we believe more general solutions of (4.2) exhibit similar pathologies. For our purposes, this is sufficient to demonstrate that the higher derivative action (4.1) does not ameliorate the problem of caustic formation. In light of these results, it is tempting to speculate that it is necessary to use an action which contains all orders of derivatives acting on the field to obtain a fully consistent description of the dynamics of the tachyon near the vacuum.

As an illustrative example we will discuss inhomogeneous solutions in a p-adic string theory, a toy theory of the bosonic string tachyon which contains an infinite number of derivatives acting on the field which is known explicitly to all orders in derivatives.

5. Inhomogeneous solutions in p-adic string theory

The action of p-adic string theory is [24] S = p^2 g^2(p − 1) ∫ d^Dx [ − 1 2 ϕ p^{− 12 ∂μ∂μ} ϕ + 1 p + 1 ϕ^{p+1} ] (5.1)

where ϕ is the open string tachyon, g is the open string coupling constant and, though the action was derived for p a prime number, it appears that p can be continued to any positive integer (the action makes sense even in the limit p → 1 [25]). The differential operator p^{− 1}2^{∂μ∂μ} is to be understood as the series expansion

p^{− 12 ∂μ∂μ} = exp ( − 1 2 ln(p) ∂_μ∂^μ ) = ∞∑ n=0 ( − 1 2 ln(p) )_n 1 n! (∂_μ∂^μ)^n .

The equation of motion which follows from (5.1) is

p^{− 12 ∂μ∂μ} ϕ = ϕ^p (5.2)

and the potential is V (ϕ) = p^2 g^2(p − 1) ( 1 2 ϕ^2 − 1 p + 1 ϕ^{p+1} ) . (5.3)

The cases of odd and even p are qualitatively different. For odd p the potential is an even function of ϕ and for even p the potential is an odd function of ϕ. In both cases the potential is unbounded from below. In the case of even p the perturbative vacuum is at ϕ = 1 and in the case of odd p there is an equivalent false vacuum at ϕ = −1. In both cases the true vacuum of the theory is at ϕ = 0. Figures 1 and 2 show plots of the potential (5.3) for the cases of even and odd p respectively.

We note that the action (5.1) is intended to describe the bosonic string tachyon, rather than the superstring tachyon which we have considered in our previous analysis (2.1), (2.8), (2.15), (4.1). Furthermore, (5.1) is a toy model which is only expected to qualitatively reproduce some aspects of a more realistic theory. These points should be kept in mind when comparing analysis using (5.1) to the previous analysis using (2.1), (2.8),

– 10 –

Figure 1: Plot of the potential V (ϕ) for even p.

Figure 2: Plot of the potential V (ϕ) for odd p.

(2.15), (4.1). That being said we note that there are several nontrivial qualitative similarities between p-adic string theory and tachyon matter. For example, near the true vacuum of the theory ϕ = 0 the field naively has no dynamics since its mass squared goes to infinity.^5 This is the p-adic version of the statement that there are no open string excitations at the tachyon vacuum. A second similarity between p-adic string theory and tachyon matter is the existence of lump-like soliton solutions representing p-adic D-branes [26]. The theory of small fluctuations about these lump solutions has a spectrum of equally spaced masses squared for the modes [27], as in the case of normal bosonic string theory. On the other hand, there are some important differences between the theory (5.1) and (2.1), (2.8), (2.15), (4.1). In the case of tachyon matter the vacuum is at infinity and the tachyon never reaches this point, whereas in the case of the p-adic string the vacuum is at a finite point in the field configuration space and homogeneous solutions rolling towards the vacuum typically pass this point without difficulty [8]. In fact, the numerical studies of [8] found no homogeneous solutions which appeared to correspond to tachyon matter (vanishing pressure at late times).

Keeping in mind that the connection between (5.1) and (2.1), (2.8), (2.15), (4.1) is not entirely clear we proceed to study inhomogeneous solutions of (5.1) as an example of a theory with an infinite number of derivatives which may have some qualitative similarities to the string theory tachyon. At first glance it is not immediately clear how to proceed since (5.2) is difficult to solve for profiles with nontrivial dependence on more than one variable. The simplest solution is to study small fluctuations about some known timedependent solution of (5.2). We are interested in the dynamics near the vacuum and [8] found anharmonic homogenous oscillations near ϕ = 0 so one might consider small spatial inhomogeneities about these solutions. However, these anharmonic oscillations cannot be found by solving the linearized equation of motion and hence we should not expect to be able to study small inhomogeneities near the vacuum by linearizing about these oscillators. One might consider the closest analogy to the solutions found in the preceeding sections

5Reference [8] found anharmonic oscillations around the vacuum by numerically solving the full nonlinear equation of motion. However, these solutions do not correspond to conventional physical states.

– 11 – to be small fluctuations about a time dependent solution which interpolates between the unstable vacuum ϕ = 1 (or also ϕ = −1 in the case of odd p) and the stable vacuum ϕ = 0. However, it was shown in [8, 28] that no such time dependent solution to (5.2) exists.^6 We therefore will consider inhomogeneous fluctuations about the rapidly increasing solution

ϕ_0(t) = p^{12(p−1)} exp ( 1 2 p − 1 p ln p t^2 ) . (5.4)

We stress that this solution does not roll from the unstable maximum of the potential to the true vacuum of the theory (indeed no such solution appears to exist) and thus the ensuing analysis may be of limited relevance since the connection between p-adic string theory and tachyon matter is unclear. The homogeneous solution (5.4) does bear some qualitative similarity to the solutions of (2.1), (2.8), (2.15), (4.1) in the sense that this solution represents the tachyon rolling down the potential though in the case of (5.4) the tachyon rolls towards V → −∞ and not V = 0.

Writing ϕ(t, x) = ϕ_0(t) + δϕ(t, x) with ϕ_0(t) given by (5.4) the equation of motion (5.2) is p^{− 12 ∂μ∂μ} δϕ(t, x) = pϕ_0(t)^{p−1}δϕ(t, x) (5.5) to linear order in δϕ/ϕ_0. The particular solutions of (5.5) may be written as

δϕ_λ(t, x) = ϕ_0(t)K_λ(iαt)χ_λ(x) (5.6)

where α = √ 1 2 p^2 − 1 p ln p and K_λ(z) is any solution of the Hermite equation

∂^2K_λ(z) ∂z^2 − 2z ∂K_λ(z) ∂z + 2λK_λ(z) = 0 . (5.7)

Plugging (5.6) into (5.5) one finds that the spatial modes χ_λ(x) are determined by the equation p^{− 12 ∂2x} χ_λ(x) = p^{1−λ}χ_λ(x) . (5.8)

Before attempting to solve (5.8) for the spatial dependence of the particular solutions of (5.5) some comments are in order concerning the separation of variables (5.6). It is straightforward to show that the solutions of (5.5) separate as (5.6) using the identity [27]

e^{a∂2t} [ K_λ(iαt)e^{bt2} ] = (1 − 4ab)^{−1/2} ( 1 + 4aα^2 1 − 4ab )_{λ/2} × ×K_λ ( iαt √ (1 − 4ab)(1 − 4ab + 4aα^2) ) exp ( bt^2 1 − 4ab ) . (5.9)

6More precisely, it was shown that there exists no homogeneous nonnegative bounded continuous solution of (5.2) with ϕ(t → −∞) = 1 and ϕ(t → +∞) = 0.

– 12 –

Figure 3: The contours of integration C_1 and C_2.

Figure 4: The contour of integration C.

This identity was considered in [27] for λ = n = 0, 1, 2, · · · and K_n(z) = H_n(z), the Hermite polynomials, though it holds for arbitrary λ which is most easily shown by noting that the two solutions of (5.7), K_λ(z) = P_λ(z) and K_λ(z) = Q_λ(z), have contour integral representations [29] P_λ(z) = ∫ C_1 dξ 2πi ξ^{−λ−1}e^{−ξ2+2ξz} (5.10) and Q_λ(z) = ∫ C_2 dξ 2πi ξ^{−λ−1}e^{−ξ2+2ξz} (5.11)

where the curves C_1 and C_2 are given in figure 3. The standard definition of the Hermite polynomials for λ = n = 0, 1, 2, . . . is given by

H_n(z) = n! (P_n(z) + Q_n(z))

= n! ∫ C dξ 2πi ξ^{−n−1}e^{−ξ2+2ξz} (5.12)

where C is the contour given in figure 4. For subsequent calculations we will be particularly interested in defining the Hermite functions H_λ(z) on λ ≤ 1. For Re(λ) < 0 we can contract the path of integration C to the origin and write

H_λ(z) = 1 Γ(−λ) ∫_∞ 0 dξ ξ^{−λ−1}e^{−ξ2−2ξz} (5.13) where the normalization has been chosen to agree with [30]. Note that when Re(λ) > −1 we can also represent the Hermite functions by a real integral [30]

H_λ(z) =

2^λe^{z2} √ π ∫_∞ 0 e^{−ξ2} ξ^λ cos ( 2zξ − λπ 2 ) (5.14)

which coincides with the standard definition of the Hermite polynomials when λ = n = 0, 1, 2, . . .. With these conventions the Hermite functions are normalized so that

H_λ(0) =

2^λΓ(1/2) Γ (_{1−λ} 2 ) , H^′_λ(0) =

2^λΓ(−1/2) Γ (−λ/2) . We now proceed to determine the spatial dependence of the modes (5.6). Equation (5.8) has solutions χ_λ(x) = a_λ cos(ω_λx) + b_λ sin(ω_λx) (5.15)

– 13 – where ω_λ = √ 2(1 − λ). For initial data which are periodic on some interval [−L, +L] one takes ω_λ = πm/L where m = 0, 1, 2, . . .. With this choice the degree of the Hermite function is λ = 1 − π^2m^2 2L^2 . For the zero mode m = 0 we have λ = 1 and for all other m we have λ ≠ 0, 1, 2, · · · unless L is chosen so that √ 2 L/π is an integer.

The Hermite equation (5.7) is second order and we expect to be able to find two linearly independent solutions for each λ. It is most convenient to choose one of these to be the Hermite functions as defined by (5.12), (5.13), (5.14). To obtain a second solution we note the Wronskian formula [30] W [H_λ(iz), H_λ(−iz)] = 2^{λ+1} √ π Γ(−λ) e^{−z2} . (5.16)

so that

δϕ^{(+)}_λ (t, x) = ϕ_0(t)H_λ(+iαt) χ^{(+)}_λ (x) , δϕ^{(−)}_λ (t, x) = ϕ_0(t)H_λ(−iαt) χ^{(−)}_λ (x)

are linearly independent for λ ≠ 0, 1, 2, . . .. The linear independence of these two solutions fails in the exceptional case λ = 1 for all L. The linear independence of these two solutions may also fail on other values of m if √ 2 L/π is an integer. For simplicity we exclude the case of integer √ 2 L/π from the present analysis and take λ = 1 to be the only special case. (We note, however, that is is straighforward to extend our analysis to include integer values of √ 2 L/π.) In the case λ = 1 (m = 0) we can take, as one solution of (5.7), the Hermite polynomial (5.12) H_1(z) = 2z .

The second solution may be written formally as

P_1(z) − Q_1(z)

where the functions P_λ and Q_λ are given by (5.10), (5.11). The function obtained in this manner does not have a simple closed form expression as does H_1(z).

Putting the results of this section together we write the general solutions of (5.5) as

δϕ(t, x) = ϕ_0(t) Re [P_1(iαt) − Q_1(iαt)] 1 2 a^{(1)}_0 + ϕ_0(t) t 2 a^{(2)}_0 +

+ϕ_0(t) ∞∑ m=1 H̃^{(1)}_{1−π2m2/2L2} (t) χ^{(1)}_m (x) + ϕ_0(t) ∞∑ m=1 H̃^{(2)}_{1−π2m2/2L2} (t) χ^{(2)}_m (x) (5.17)

where we have defined the functions

H̃^{(1)}_λ (t) = Γ(^{1−λ2} ) 2^λΓ(1/2) 1 2 (H_λ(iαt) + H_λ(−iαt))

– 14 – and H̃^{(2)}_λ (t) = Γ(−λ/2) 2^λΓ(−1/2) 1 2αi (H_λ(iαt) − H_λ(−iαt)) . The normalizations have been chosen so that H̃^{(1)}_λ (0) = 1 and ∂_tH̃^{(2)}_λ (t)|_{t=0} = 1. The spatial modes {χ^{(i)}_m } are

χ^{(i)}_m (x) = a^{(i)}_m cos (πmx L ) + b^{(i)}_m sin ( πmx L )

for i = 1, 2. The coefficients {a^{(1)}_m , b^{(1)}_m } determine the fourier expansion of δϕ/ϕ_0 at t = 0 and the coefficents {a^{(2)}_m , b^{(2)}_m } determine the fourier expansion of ∂_t(δϕ/ϕ_0) at t = 0.

For practical numerical computations it is simplest to consider initial data where a^{(1)}_0 = 0 to eliminate the function P_1(iαt) − Q_1(iαt) from the expression (5.17). For example, this will be true for any initial data such that δϕ/ϕ_0 at t = 0 is an odd function of x.

Recall that the linearized equation (5.5) is valid for |δϕ(t, x)/ϕ_0(t)| ≪ 1. The stability of the solution (5.17) therefore depends on the asymptotic behaviour of the functions H̃^{(1)}_λ (t) and H̃^{(2)}_λ (t) at late times. It is straightforward to show that H̃^{(1)}_λ (t) and H̃^{(2)}_λ (t) have the asymptotic behaviour

H̃^{(1)}_λ (t) ∼ H̃^{(2)}_λ (t) ∼ t^λ

for large t. That these two solutions become linearly dependent as t → ∞ was to be anticipated from (5.16). We find, then, that for modes with λ = 1 −^{π2m2}_{2L2} < 0 one has δϕ^{(i)}_m (t, x)/ϕ_0(t) → 0 and the linearized approximation is stable. On the other hand, modes with λ = 1 −^{π2m2}_{2L2} > 0^7 are increasing functions of time and hence the linearized approximation will eventually break down. In the case that L < π/ √ 2 and a^{(1)}_0 = a^{(2)}_0 = 0 then all of the modes are decreasing and the perturbative expansion is reliable throughout the evolution. In this case we can make definitive statements about the absence of caustics or similar singularities in the theory (5.1). In fact, for initial data which satisfy these restrictions, the profile ϕ(t, x) becomes homogeneous at late times. One might argue that (5.17) implies the absence of caustic formation even for more general initial data (for example when L is large and many of the modes δϕ^{(i)}_m (t, x)/ϕ_0(t) are increasing) since in this case the homogeneous zero mode of δϕ/ϕ_0 increases faster than all other modes.

Figure 5 shows a plot of the spatial profiles δϕ/ϕ_0 given by (5.17) for a series of increasing time steps for the case p = 2, L = 1. The initial data are δϕ(0, x)/ϕ_0 (0) = 0.01 x e^{−(x/0.4)2} and ∂_t(δϕ(t, x)/ϕ_0(t))|_{t=0} = 0.001 sin(πx/L) on −L ≤ x ≤ +L. For this choice of initial data a^{(1)}_0 = a^{(2)}_0 = 0 and λ < 0 for all m. The perturbative expansion is stable for this example and the field tends towards a homogeneous profile at late times. Figure 6 shows the same plot for the initial data δϕ(0, x)/ϕ_0(0) = 0.01 x e^{−(x/0.4)2} and ∂_t(δϕ(t, x)/ϕ_0 (t))|_{t=0} = 0.01 on −L ≤ x ≤ +L. With this choice of initial data δϕ/ϕ_0 ∼ t at late times since a^{(2)}_0 ≠ 0 and the linearized approximation will eventually break down.

7Recall that we are excluding the case λ = 0.

– 15 –

Figure 5: Plot of the spatial profiles δϕ/ϕ_0 for a series of increasing time steps. The initial data is such that the linearized approximation is valid throughout the evolution.

Figure 6: Plot of the spatial profiles δϕ/ϕ_0 for a series of increasing time steps. The initial data is such that the linearized approximation breaks down at late times.

Finally we comment on the interpretation of the Cauchy problem for the linearized differential equation (5.5). We have found a general solution of (5.5) for which we are free to specify the initial field δϕ/ϕ_0 at t = 0 and the time derivative ∂_t(δϕ/ϕ_0) at t = 0. This may seem surprising since (5.5) contains an infinite number of time derivatives and one might naively expect to have the freedom to specify an infinite number of initial data ∂^{(n)}_t (δϕ/ϕ_0)|_{t=0} for n = 0, 1, 2, · · ·. However, the initial value problem for homogeneous solutions of (5.2) was studied in [8] and it was found that the equation of motion itself imposes an infinite number of consistency conditions on the initial data which one can consider. In fact, it was speculated in [8] that the space of allowable initial conditions for (5.2) may be finite. This conjecture seems consistent with our results. It is interesting to note that (5.5) seems to be an example of an equation containing an infinite number of derivatives whose solution space is surprisingly similar to that of equations containing only two time derivatives.

6. Conclusions

We have studied several different effective actions describing the open superstring tachyon. In the case of actions containing only first derivatives of the tachyon field we have studied three different theories proposed on different grounds. These three actions are expected to be valid in different limits of string theory, however, we find that that vacuum structure of all three theories is remarkably similar. In particular, we have shown that all three theories lead to the formation of caustics where the field becomes multi-valued and where second and higher derivatives of the field blow up. Each of these three actions cannot be trusted in the vicinity of a caustic since higher derivative corrections which have been neglected become important. We considered also an effective action containing second order derivatives of the field and found a similar structure of derivative singularities. Finally, in the context of p-adic string theory, we studied small inhomogeneities about a time dependent solution which rolls from the unstable vacuum to infinity in field configuration space. In this case we found that for a broad class of initial data the linearized approximation is reliable

– 16 – throughout the evolution and we could conclusively show the absence of caustics or similar pathologies. This result seems suggestive that the formation of caustics is an artifact of truncating a theory with an infinite number of derivatives, however, the connection between p-adic string theory and tachyon matter is still unclear.

Since we have restricted our analysis to the study of effective actions we cannot conclude if the phenomenon of caustic formation is a genuine prediction of string theory or not. If this prediction is borne out by string theory it will be necessary to find some physical interpretation of the caustics, though none is obvious to us. As pointed out in [9] such an interpretation could depend on the dimensionality of the theory. If these caustics are in fact a real prediction of string theory it will also be necessary to find some way to predict the field value in the vicinity of a caustic. The situation is qualitatively similar to the formation of shock waves in nonlinear gas dynamics. In that case the multi-valued continuous solution in the vicinity of a shock is replaced with a single valued discontinuous solution using the Rankine-Hugoniot jump condition to quantify the discontinuity in the field. It is possible that some similar auxiliary condition could be used to predict the value of the tachyon field in the vicinity of a caustic.

Acknowledgments

The author would like to thank M. Laidlaw for useful correspondence and J. Cline for many helpful discussions and comments on the manuscript. This research is supported by the Natural Sciences and Engineering Research Council (NSERC).

A. The Legendre transformation

In 1 + 1 dimensions equation (4.2) takes the form Ṫ^2T̈ + T^{′2}T^{′′} − 2Ṫ T^′Ṫ^′ = 0 . (A.1)

To construct general solutions of (A.1) we preform the Legendre transformation (see [31] for example) defined by the relations ξ = T^′ , η = Ṫ , T (t, x) + ω(η, ξ) = xξ + tη (A.2) where ω(η, ξ) is a new dependent variable and {η, ξ} are the new independent variables. It follows from (A.2) that x = ∂ω ∂ξ , t = ∂ω ∂η . (A.3)

It is straightforward to verify the relations T^{′′} = J ∂^2ω ∂η^2 , T̈ = J ∂^2ω ∂ξ^2 , Ṫ^′ = −J ∂^2ω ∂ξ∂η (A.4)

where the jacobian of the transformation is J = T^{′′}T̈ − ( Ṫ^′ )_2

= [ ∂^2ω ∂ξ^2 ∂^2ω ∂η^2 − ( ∂^2ω ∂ξ∂η )_2]−1 (A.5)

– 17 – which we assume is nonzero. Note that this analysis excludes any solutions where J = 0. The nonlinear partial differential equation (A.1) is transformed to a linear partial differential equation in terms of the new variables

ξ^2

∂^2ω ∂η^2 + η^2

∂^2ω ∂ξ^2 + 2ηξ ∂^2ω ∂ξ∂η = 0 . (A.6)

Given a solution ω(η, ξ) of (A.6) the relations (A.3) along with T = ξ ∂ω ∂ξ + η ∂ω ∂η − ω(η, ξ) (A.7) define the solution of (A.1) parametrically.

We consider now solutions of the linear partial differential equation (A.6). To simplify the ensuing analysis we will restrict ourselves to solutions where ∂_μT ∂^μT does not change sign. This is expected to be a reasonable restriction for the vacuum structure of the theory (4.1) since previous analysis of the actions (2.1), (2.8), (2.15) suggests that ∂_μT ∂^μT is either increasing or decreasing as T → ±∞. We only consider the case ∂_μT ∂^μT ≤ 0, which we expect to most closely resemble the vacuum structure of the actions (2.1), (2.8), (2.15). In this regime we can define new coordinates {ρ, σ} by η = ρ cosh σ , ξ = ρ sinh σ (A.8) such that ρ^2 = −ξ^2 + η^2 = −∂_μT ∂^μT ≥ 0 , tanh σ = ξ η . In terms of these new variables (A.6) takes the remarkably simple form − ρ ∂ω ∂ρ + ∂^2ω ∂σ^2 = 0 . (A.9)

with particular solution ω_m(η, ξ) = ρ^{m2} [ α_me^{mσ} + β_me^{−mσ} ] for arbitrary m, α_m, β_m. The most convenient way to fix the Cauchy data is to specify ω and ∂ω/∂ρ at σ = 0. In this case we write the general solution of (A.9) as ω(ρ, σ) = ∞∑ n=0 ρ^n ( a_n cosh (√ n σ ) + b_n sinh (√ n σ )) (A.10)

where {a_n} determine the coefficients in the taylor expansion of ω at σ = 0 and {b_n} determine the coefficients in the taylor expansion of ∂ω/∂ρ at σ = 0.

It is straightforward to compute x(η, ξ), t(η, ξ) from (A.3) and T (ρ, σ) = ∞∑ n=0 ρ^n(n − 1) ( a_n cosh (√ n σ ) + b_n sinh (√ n σ ))

from (A.7). Because this solution is not in closed form and defined parametrically, it is difficult to get an intuitive feeling for the behaviour of T as a function of t and x. However, we believe that these general solutions do admit derivative singularities and have, for several choices of {a_n, b_n}, found points (ρ_c, σ_c) corresponding to finite x and t > 0 at which T^{′′} is singular though T , T^′ and Ṫ are regular. In this case the second derivative blows up because the jacobian of the Legendre transformation (A.5) is singular.

– 18 –

References

[1] M. Fairbairn and M.H.G. Tytgat, Inflation from a tachyon fluid?, Phys. Lett. B 546 (2002) 1 [hep-th/0204070];

S. Mukohyama, Brane cosmology driven by the rolling tachyon, Phys. Rev. D 66 (2002) 024009 [hep-th/0204084];

A. Feinstein, Power-law inflation from the rolling tachyon, Phys. Rev. D 66 (2002) 063511 [hep-th/0204140];

T. Padmanabhan, Accelerated expansion of the universe driven by tachyonic matter, Phys. Rev. D 66 (2002) 021301 [hep-th/0204150];

D. Choudhury, D. Ghoshal, D.P. Jatkar and S. Panda, On the cosmological relevance of the tachyon, Phys. Lett. B 544 (2002) 231 [hep-th/0204204];

X.-z. Li, J.-g. Hao and D.-j. Liu, Can quintessence be the rolling tachyon?, Chin. Phys. Lett. 19 (2002) 1584 [hep-th/0204252];

H.B. Benaoum, Accelerated universe from modified Chaplygin gas and tachyonic fluid,

hep-th/0205140;

M. Sami, Implementing power law inflation with rolling tachyon on the brane, Mod. Phys. Lett. A 18 (2003) 691 [hep-th/0205146];

M. Sami, P. Chingangbam and T. Qureshi, Aspects of tachyonic inflation with exponential potential, Phys. Rev. D 66 (2002) 043530 [hep-th/0205179];

J.-c. Hwang and H. Noh, Cosmological perturbations in a generalized gravity including tachyonic condensation, Phys. Rev. D 66 (2002) 084009 [hep-th/0206100]; M. Sami, Implementing power law inflation with rolling tachyon on the brane, Mod. Phys. Lett. A 18 (2003) 691 [hep-th/0205146];

M. Sami, P. Chingangbam and T. Qureshi, Aspects of tachyonic inflation with exponential potential, Phys. Rev. D 66 (2002) 043530 [hep-th/0205179]; C.-j. Kim, H.B. Kim, Y.-b. Kim and O.-K. Kwon, Cosmology of rolling tachyon,

hep-th/0301142;

A. Das and A. DeBenedictis, Inhomogeneous cosmologies with tachyonic dust as dark matter,

gr-qc/0304017;

V. Gorini, A.Y. Kamenshchik, U. Moschella and V. Pasquier, Tachyons, scalar fields and cosmology, Phys. Rev. D 69 (2004) 123512 [hep-th/0311111];

B.C. Paul and M. Sami, A note on inflation with tachyon rolling on the gauss- bonnet brane,

hep-th/0312081;

C. Kim, H.B. Kim, Y. Kim, O.-K. Kwon and C.O. Lee, Unstable D-branes and string cosmology, hep-th/0404242.

[2] G.W. Gibbons, Thoughts on tachyon cosmology, Class. Quant. Grav. 20 (2003) S321–S346 [hep-th/0301117];

A. Sen, Remarks on tachyon driven cosmology, hep-th/0312153.

[3] A.V. Frolov, L. Kofman and A.A. Starobinsky, Prospects and problems of tachyon matter cosmology, Phys. Lett. B 545 (2002) 8 [hep-th/0204187];

G. Shiu and I. Wasserman, Cosmological constraints on tachyon matter, Phys. Lett. B 541 (2002) 6 [hep-th/0205003];

L. Kofman and A. Linde, Problems with tachyon inflation, J. High Energy Phys. 07 (2002) 004 [hep-th/0205121].

[4] G.R. Dvali and S.H.H. Tye, Brane inflation, Phys. Lett. B 450 (1999) 72 [hep-ph/9812483];

S.H.S. Alexander, Inflation from D- anti-D brane annihilation, Phys. Rev. D 65 (2002) 023507 [hep-th/0105032];

– 19 –

A. Mazumdar, S. Panda and A. Perez-Lorenzana, Assisted inflation via tachyon condensation, Nucl. Phys. B 614 (2001) 101 [hep-ph/0107058];

C.P. Burgess et al., The inflationary brane-antibrane universe, J. High Energy Phys. 07 (2001) 047 [hep-th/0105204];

G.R. Dvali, Q. Shafi and S. Solganik, D-brane inflation, hep-th/0105203; C. Herdeiro, S. Hirano and R. Kallosh, String theory and hybrid inflation/acceleration, J. High Energy Phys. 12 (2001) 027 [hep-th/0110271];

B.-s. Kyae and Q. Shafi, Branes and inflationary cosmology, Phys. Lett. B 526 (2002) 379 [hep-ph/0111101];

C.P. Burgess, P. Martineau, F. Quevedo, G. Rajesh and R.J. Zhang, Brane antibrane inflation in orbifold and orientifold models, J. High Energy Phys. 03 (2002) 052 [hep-th/0111025];

J. Garcia-Bellido, R. Rabadán and F. Zamora, Inflationary scenarios from branes at angles, J. High Energy Phys. 01 (2002) 036 [hep-th/0112147];

R. Blumenhagen, B. Körs, D. Lüst and T. Ott, Hybrid inflation in intersecting brane worlds, Nucl. Phys. B 641 (2002) 235 [hep-th/0202124];

K. Dasgupta, C. Herdeiro, S. Hirano and R. Kallosh, D3/D7 inflationary model and M-theory, Phys. Rev. D 65 (2002) 126002 [hep-th/0203019];

N. Jones, H. Stoica and S.H.H. Tye, Brane interaction as the origin of inflation, J. High Energy Phys. 07 (2002) 051 [hep-th/0203163];

N.T. Jones, H. Stoica and S.H.H. Tye, The production, spectrum and evolution of cosmic strings in brane inflation, Phys. Lett. B 563 (2003) 6 [hep-th/0303269]; N. Jones, H. Stoica and S.H.H. Tye, Brane interaction as the origin of inflation, J. High Energy Phys. 07 (2002) 051 [hep-th/0203163];

M. Gomez-Reino and I. Zavala, Recombination of intersecting D-branes and cosmological inflation, J. High Energy Phys. 09 (2002) 020 [hep-th/0207278];

S. Kachru, R. Kallosh, A. Linde and S.P. Trivedi, De Sitter vacua in string theory, Phys. Rev. D 68 (2003) 046005 [hep-th/0301240];

S. Kachru et al., Towards inflation in string theory, JCAP 10 (2003) 013 [hep-th/0308055]; J.P. Hsu, R. Kallosh and S. Prokushkin, On brane inflation with volume stabilization, JCAP 12 (2003) 009;

H. Firouzjahi and S.H.H. Tye, Closer towards inflation in string theory, Phys. Lett. B 584 (2004) 147 [hep-th/0312020];

E. Halyo, D-brane inflation on conifolds, hep-th/0402155;

C.P. Burgess, J.M. Cline, H. Stoica and F. Quevedo, Inflation in realistic D-brane models,

hep-th/0403119;

A. Buchel and A. Ghodsi, Braneworld inflation, hep-th/0404151.

[5] S. Sarangi and S.H.H. Tye, Cosmic string production towards the end of brane inflation, Phys. Lett. B 536 (2002) 185 [hep-th/0204074];

M. Majumdar and A. Christine-Davis, Cosmological creation of D-branes and anti-d-branes, J. High Energy Phys. 03 (2002) 056 [hep-th/0202148];

G. Dvali and A. Vilenkin, Formation and evolution of cosmic D-strings, JCAP 03 (2004) 010 [hep-th/0312007];

E.J. Copeland, R.C. Myers and J. Polchinski, Cosmic F- and D-strings, J. High Energy Phys. 06 (2004) 013 [hep-th/0312067];

E. Halyo, Cosmic d-term strings as wrapped d3 branes, J. High Energy Phys. 03 (2004) 047 [hep-th/0312268];

– 20 –

L. Leblond and S.H.H. Tye, Stability of D1-strings inside a D3-brane, J. High Energy Phys. 03 (2004) 055 [hep-th/0402072].

[6] J.M. Cline, H. Firouzjahi and P. Martineau, Reheating from tachyon condensation, J. High Energy Phys. 11 (2002) 041 [hep-th/0207156].

[7] N. Barnaby and J.M. Cline, Creating the universe from brane-antibrane annihilation,

hep-th/0403223.

[8] N. Moeller and B. Zwiebach, Dynamics with infinitely many time derivatives and rolling tachyons, J. High Energy Phys. 10 (2002) 034 [hep-th/0207107].

[9] G.N. Felder, L. Kofman and A. Starobinsky, Caustics in tachyon matter and other Born-Infeld scalars, J. High Energy Phys. 09 (2002) 026 [hep-th/0208019]; G.N. Felder and L. Kofman, Inhomogeneous fragmentation of the rolling tachyon,

hep-th/0403073.

[10] J.M. Cline and H. Firouzjahi, Real-time D-brane condensation, Phys. Lett. B 564 (2003) 255 [hep-th/0301101].

[11] A. Buchel, P. Langfelder and J. Walcher, Does the tachyon matter?, Ann. Phys. (NY) 302 (2002) 78 [hep-th/0207235];

A. Buchel and J. Walcher, Comments on supergravity description of s-branes, J. High Energy Phys. 05 (2003) 069 [hep-th/0305055].

[12] M.R. Garousi, Tachyon couplings on non-BPS D-branes and Dirac-Born-Infeld action, Nucl.

Phys. B 584 (2000) 284 [hep-th/0003122];

E.A. Bergshoeff, M. de Roo, T.C. de Wit, E. Eyras and S. Panda, T-duality and actions for non-BPS D-branes, J. High Energy Phys. 05 (2000) 009 [hep-th/0003221]; J. Kluson, Proposal for non-BPS D-brane action, Phys. Rev. D 62 (2000) 126003 [hep-th/0004106];

A. Sen, Tachyon matter, J. High Energy Phys. 07 (2002) 065 [hep-th/0203265].

[13] A. Sen, Field theory of tachyon matter, Mod. Phys. Lett. A 17 (2002) 1797 [hep-th/0204143].

[14] A. Sen, Dirac- Born-Infeld action on the tachyon kink and vortex, Phys. Rev. D 68 (2003) 066008 [hep-th/0303057].

[15] S. Mukohyama, Inhomogeneous tachyon decay, light-cone structure and D-brane network problem in tachyon cosmology, Phys. Rev. D 66 (2002) 123512 [hep-th/0208094]; P. Brax, J. Mourad and D.A. Steer, Tachyon kinks on non BPS D-branes, Phys. Lett. B 575 (2003) 115 [hep-th/0304197];

C. Kim, Y. Kim, O.-K. Kwon and C.O. Lee, Tachyon kinks on unstable Dp-branes, J. High Energy Phys. 11 (2003) 034 [hep-th/0305092];

E.J. Copeland, P.M. Saffin and D.A. Steer, Singular tachyon kinks from regular profiles, Phys. Rev. D 68 (2003) 065013 [hep-th/0306294];

P. Brax, J. Mourad and D.A. Steer, On tachyon kinks from the DBI action, hep-th/0310079.

[16] G.W. Gibbons, K. Hori and P. Yi, String fluid from unstable D-branes, Nucl. Phys. B 596 (2001) 136 [hep-th/0009061];

G. Gibbons, K. Hashimoto and P. Yi, Tachyon condensates, carrollian contraction of Lorentz group and fundamental strings, J. High Energy Phys. 09 (2002) 061 [hep-th/0209034]; O.-K. Kwon and P. Yi, String fluid, tachyon matter and domain walls, J. High Energy Phys. 09 (2003) 003 [hep-th/0305229].

– 21 –

[17] D. Kutasov and V. Niarchos, Tachyon effective actions in open string theory, Nucl. Phys. B 666 (2003) 56 [hep-th/0304045];

M. Smedback, On effective actions for the bosonic tachyon, J. High Energy Phys. 11 (2003) 067 [hep-th/0310138].

[18] A. Sen, Rolling tachyon, J. High Energy Phys. 04 (2002) 048 [hep-th/0203211];

N. Lambert, H. Liu and J. Maldacena, Closed strings from decaying D-branes,

hep-th/0303139;

F. Larsen, A. Naqvi and S. Terashima, Rolling tachyons and decaying branes, J. High Energy Phys. 02 (2003) 039 [hep-th/0212248].

[19] D. Kutasov, M. Marino and G.W. Moore, Some exact results on tachyon condensation in string field theory, J. High Energy Phys. 10 (2000) 045 [hep-th/0009148]; Remarks on tachyon condensation in superstring field theory, hep-th/0010108.

[20] A. Ishida and S. Uehara, Rolling down to D-brane and tachyon matter, J. High Energy Phys.

02 (2003) 050 [hep-th/0301179].

[21] S. Sugimoto and S. Terashima, Tachyon matter in boundary string field theory, J. High Energy Phys. 07 (2002) 025 [hep-th/0205085];

J.A. Minahan, Rolling the tachyon in super BSFT, J. High Energy Phys. 07 (2002) 030 [hep-th/0205098].

[22] N.D. Lambert and I. Sachs, On higher derivative terms in tachyon effective actions, J. High Energy Phys. 06 (2001) 060 [hep-th/0104218]; Tachyon dynamics and the effective action approximation, Phys. Rev. D 67 (2003) 026005 [hep-th/0208217].

[23] M. Laidlaw and M. Nishimura, Comments on higher derivative terms for the tachyon action,

hep-th/0403269.

[24] L. Brekke, P.G.O. Freund, M. Olson and E. Witten, Nonarchimedean string dynamics, Nucl.

Phys. B 302 (1988) 365.

[25] A.A. Gerasimov and S.L. Shatashvili, On exact tachyon potential in open string field theory, J. High Energy Phys. 10 (2000) 034 [hep-th/0009103].

[26] D. Ghoshal and A. Sen, Tachyon condensation and brane descent relations in p-adic string theory, Nucl. Phys. B 584 (2000) 300 [hep-th/0003278].

[27] J.A. Minahan, Mode interactions of the tachyon condensate in p-adic string theory, J. High Energy Phys. 03 (2001) 028 [hep-th/0102071];

N. Moeller and M. Schnabl, Tachyon condensation in open-closed p-adic string theory, J. High Energy Phys. 01 (2004) 011 [hep-th/0304213].

[28] V.S. Vladimirov and Y.I. Volovich, On the nonlinear dynamical equation in the p-adic string theory, Theor. Math. Phys. 138 (2004) 297 [math-ph/0306018].

[29] R. Courant and D. Hilbert, Methods of mathematical physics, vol. 1, Wiley-Interscience Publ., New York 1989.

[30] N.N. Lebedev, Special functions and their applications, Prentice-Hall, INC., Englewood Cliffs 1965;

L.C. Andrews, Special functions for engineers and applied mathematicians, Macmillan publishing company, New York 1985.

[31] R. Courant and D. Hilbert, Methods of mathematical physics, vol. 2, Wiley-Interscience Publ., New York 1989.

– 22 –